In this manuscript, the fractional transmission line with losses is presented. The order of the Caputo derivative is considered as 0 < β ≤ 1 and 0 < γ ≤ 1 for the fractional equation in space and time domain, respectively. Two cases are solved, with fractional spatial and fractional temporal derivatives, and also numerical simulations were carried out, where there are taken both derivatives in simultaneous form. Two parameters σ x and σ t are introduced and a physical relation between these parameters is reported. Solutions in space and time are given in terms of the Mittag-Leffler functions. The classic cases are recovered when β and γ are equal to 1.
Introduction
Mathematical and physical considerations in favor of the use of models based on derivatives of noninteger order are given in [1 -16] and the references therein. The telegrapher's equations describe the voltage and current on an electrical transmission line with distance and time. The model demonstrates that the electromagnetic waves can be reflected on the wire and that wave patterns can appear along the line. The concept of fractional curl operator and the fractional paradigm in electromagnetic theory have been introduced by Engheta in [17] . In [18] , an alternative fractional construction for the electromagnetic waves in terms of the fractional derivative of the Caputo type is presented. The authors considered the propagation of electromagnetic waves in an infinitely extended homogeneous media characterized by the permittivity ε and permeability µ. Orsingher and Beghin [19] discussed the time-fractional telegraph equation with Brownian time. Chen et al. [20] analyzed and derived the solution of the time-fractional telegraph equation with three kinds of nonhomogeneous boundary conditions, using the method of separating variables. Orsingher and Zhao [21] obtained the Fourier transform of its fundamental solution and presented a symmetric process with discontinuous trajectories. This transition function satisfies the space-fractional telegraph equation. Momani [22] suggested analytic and approximate solutions of the space-and time-fractional telegraph differential equations by means of the socalled Adomian decomposition method. In [23] , the so-called general space-time fractional telegraph equations were discussed by the methods of differential and integral calculus. Huang [24] derived the analytical solution for three basic problems of the so-called time-fractional telegraph equations. A systematic way to construct fractional differential equations for physical systems has been proposed in [25] . This methodology consists in analyzing the dimensionality of the ordinary derivative operator and trying to bring it to a fractional derivative operator consistently.
In this work, the idea proposed in [25] for constructing fractional differential equations is applied in the fractional transmission line with losses representation. The order of the derivative being considered is 0 < β ≤ 1 and 0 < γ ≤ 1 for the fractional equation in space-and time-domain, respectively.
The paper is organized as follows. The second section presents the basic definitions of the fractional calculus, the third section analysis the equation of the fractional transmission line with losses, and the fourth section shows our conclusions.
Basic Definitions
We used in this work the Caputo fractional derivative (CFD). For these definition, the derivative of a constant is zero and the initial conditions for the fractionalorder differential equations can be given in the same manner as for the ordinary differential equations with the known physical interpretation. The CFD for a function f (t) is defined as follows [5] :
where Γ (·) is the gamma function, n = 1, 2, . . . ∈ N.
The Laplace transform to CFD is given by [5] 
Some common Laplace transforms are
The inverse Laplace transform requires the introduction of the Mittag-Leffler function defined by the series expansion as [5] 
when p = 1 and q = 1, then from (4), we obtain e t , the exponential function.
An Alternative to Fractional Transmission Line with Losses
Some authors replace the integer derivative by a fractional one on a pure mathematical basis without considering that the physical parameters involved in the equations have the correct dimensionality.
To be consistent with the dimensionality measured in practice and following [25] , we introduce parameters σ x and σ t in the following way:
where n = 1, 2, . . . ∈ N. When β = 1 and γ = 1, the expressions (5) and (6) become a classical derivative, which is true if the parameter σ x has the dimension of length (meters) and σ t has the dimension of time (seconds). This expression represents a space and temporal derivative since their dimensions are inverse meters and inverse seconds. The parameters σ x and σ t characterize the fractional space and fractional temporal structures (components that show an intermediate behavior between a system conservative and dissipative) of the fractional space or fractional temporal operator [25] . In the following, we apply this idea for the case of the transmission line with losses. The equivalent circuit for the transmission line with losses is represented in Figure 1 .
Applying the Kirchhoff circuit laws in the node A and using (5) and (6), we get the equations of the fractional transmission lines with losses for the voltage and current, respectively:
where R denotes the resistance of the conductors, L the inductance due to the magnetic field around the wires, C the capacitance between the two conductors, and G the conductance of the dielectric material separating the conductors. 
Fractional Space Transmission Line with Losses
In this work, considering (7) and assuming that the space derivative is fractional (5) and the time derivative is ordinary, the spatial fractional equation is
Supposing the solution is
and substituting (10) in (9), we obtain
From (11), we can expect the wave vector k to have a real δ and an imaginary ϕ part. This vector indicates a propagation with attenuation,
where
k 2 is the fractional dispersion relation in presence of fractional space components, and k is the wave vector without that presence. Substituting (15) in (11), we have
Thus, the solution is written as
The particular solution of (17) is
Considering k = (δ − iϕ) and substituting this expression in (15) we have
Solving this equation for ϕ, we obtain
and for δ δ = LCω 2 − GR (22)
Now substituting (22) in (21), we get
Equations (22) and (23) describe the real and imaginary part of the wave vector in terms of the frequency ω, the parameters R, L, C, G, and the fractional space structure σ x . Equations (22) and (23) 
and for ϕ, we have
. (25) Equations (24) and (25) describe the real and imaginary part of the wave vector in terms of the frequency ω and the parameters R, L, C, and G.
From (18), we have
In (27), Re indicates the real part, and k = δ − iϕ is the wave vector, δ and ϕ is given by (24) and (25), respectively. Substituting these expressions in (27), we have
Equation (28) (22), we obtain for δ
Equations (29) and (30) describe the real and imaginary part of the wave vector in terms of the frequency ω and the parameters R, L, C, and G in presence of fractional space components represented by σ x .
The solution for (18) is
We have a direct relation between the parameter σ x and the wave length λ given by the order β of the fractional differential equation:
We can use this relation in order to write (18) as
wherex = x λ is a dimensionless parameter.
Fractional Time Transmission Line with Losses
In (7), assuming that the space derivative is integer and the time derivative is fractional (6), the temporal fractional equation is
Supposing the solution
wherek is the wave vector, and substituting (35) in (34), we obtain
The solution of (36) may be obtained by applying (2) and the inverse Laplace transform. Taking the solution (35), we have
For the underdamped case, we have (k
is the undamped natural frequency, and α 2 = RC+GL 2LC is the damping factor.
For γ = 1, from (37), we have
Equation (38) LC . From (38), we see that there is a physical relation between γ and σ t given by
Then the solution (37) for the underdamped case R < 2k √ LC+GL C or α < ω 0 takes the form
Due to the condition R < 2k √ LC+GL C , we can choose an example:
So, the solution (37) takes its final form
In the overdamped case, α > ω 0 or R > 2k √ LC+GL C , the solution of (37) has the form
For γ = 1, from (43), we havẽ
whereṼ ( Taking into account that the relation between γ and σ t is 
Then the solution (43) takes the form 
Then, the solution (43) can be written in its final form 
Space-Time Fractional Transmission Line with Losses
Now considering (7) and assuming that the space and time derivative are fractional, then the order of the time-space fractional differential equation is represented by 0 < β ≤ 1 and 0 < γ ≤ 1. σ x has the dimension of length and σ t of time. Figures 2 -5 show numerical simulations of (33) - (42) and (33) - (48) for different values of β and γ arbitrarily chosen.
Conclusions
The fractional transmission line with losses from the point of view of fractional calculus is presented. Two types of fractional differential equations have been examined separately; the fractional spatial derivative and the temporal fractional derivative. The parameters σ x and σ t are introduced characterizing the existence of the fractional space and time components, respectively. These parameters represent components that show an intermediate behavior between a system conservative and dissipative. Finally, numerical simulations where taken for both derivatives in simultaneous form. The general solutions of the fractional differential equations depending only on the parameter β and γ and given in the form of the multivariate Mittag-Leffler functions preserve the physical units of the system studied.
For the spatial case, solution (18) corresponds to the spatial generalized solution of the voltage in the and undamped natural frequency ω 0 = k2 +GR LC . This solution represents the classic case, a physical relation between γ and σ t is given by (39). In the overdamped case, the solution of (37) is represented for (43). For γ = 1, a physical relation between γ and σ t is given by (45), and substituting this relation, we obtain the solution (46).
In the case where both derivatives are considered (time-space) simultaneous, Figures 2 -5 exhibit a nonlocal behavior of the wave voltage interpreted as an existence of memory effects which correspond to the intrinsic dissipation characterized by the exponents of the fractional derivative β and γ in the system and is related to the behavior of the wave voltage in a fractal space-time geometry.
Solutions (18) and (37) correspond to space and time generalized solutions of the fractional transmission line with losses. Both solutions are given in terms of the Mittag-Leffler function depending only on the parameters β and γ, respectively. The physical units of the system are preserved.
We believe that with this approach it will be possible to have a better study of the transient effects, analysis, and development of new mechanisms failure in electrical systems.
